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1. INTRODUCTION
A powerful notion in computational geometry is the core-

set [2, 1, 5, 13]. Given a large data set P and a family of
queries A, then an η-coreset is a subset S ⊂ P such that for
all r ∈ A that ‖r(P )−r(S)‖ ≤ η (note the notion of distance
‖ · ‖ between query results is problem specific and is inten-
tionally left ambiguous for now). Initially used for smallest
enclosing ball queries [5] and perhaps most famous in geom-
etry for extent queries as η-kernels [2, 1], the coreset is now
employed in many other problems such as clustering [4] and
density estimation [13]. Techniques for constructing core-
sets are becoming more relevant in the era of big data; they
summarize a large data set P with a proxy set S of poten-
tially much smaller size that can guarantee error for certain
classes of queries. They also shed light onto the limits of how
much information can possibly be represented in a small set
of data.

In this paper we focus on a specific type of coreset called
an η-sample [13, 8, 7] that can be thought of as preserving
density queries and that has deep ties to the basis of learning
theory [3]. Given a set of objects X (often X ⊂ Rd is a point
set) and a family of subsets A of X, then the pair (X,A) is
called an range space. Often A are specified by containment
in geometric shapes, for instance as all subsets of X defined
by inclusion in any ball, any half space, or any axis-aligned
rectangle. Now an η-sample of (X,A) is a single subset
S ⊂ X such that

max
r∈A

∣∣∣∣ |X ∩ r||X| −
|S ∩ r|
|S|

∣∣∣∣ ≤ η.
For any query range r ∈ A, subset S approximates the rel-
ative density of X in r with error at most η.

Uncertain points.
Another emerging notion in data analysis is modeling un-

certainty in points. There are several formulations of these
problems where each point p ∈ P has an independent prob-
ability distribution µp describing its location and such a
point is said to have locational uncertainty. Indecisive points

(or attribute uncertainty in database literature [12]) model
each pi ∈ P as being able to take one of k distinct loca-
tions {pi,1, pi,2, . . . , pi,k} with possibly different probabili-
ties, modeling when multiple readings of the same object
have been made.

We will focus mainly on the indecisive model of locational
uncertainty since it comes up frequently in real-world appli-
cations (when multiple readings of the same object are made,
and typically k is small) and can be used to approximately
represent more general continuous representations..

2. PROBLEM STATEMENT
Combining these two notions leads to the question: can

we create a coreset (specifically for η-samples) of uncertain
input data? A few more definitions are required to rigorously
state this question. In fact, we develop three distinct notions
of how to define the coreset error in uncertain points. One
corresponds to range counting queries, another to querying
the mean, and the third to querying the median (actually it
approximates the rank for all quantiles).

For an uncertain point set P = {p1, p2, . . . , pn} with each
pi = {pi,1, pi,2, . . . pi,k} ⊂ Rd we say that Q b P is a
transversal if Q ∈ p1×p2× . . .×pn. I.e., Q = (q1, q2, . . . , qn)
is an instantiation of the uncertain data P and can be treated
as a “certain” point set, where each qi corresponds to the lo-
cation of pi. PrQbP [ζ(Q)], (resp. EQbP [ζ(Q)]) represents
the probability (resp. expected value) of an event ζ(Q)
where Q is instantiated from P according to the probability
distribution on the uncertainty in P .

As stated, our goal is to construct a subset of uncertain
points T ⊂ P (including the distribution of each point p’s
location, µp) that preserves specific properties over a family
of subsets (P,A). For completeness, the first variation we list
cannot be accomplished purely with a coreset as it requires
Ω(n) space.

• Range Reporting (RR) Queries support queries of a
range r ∈ A and a threshold τ , and return all pi ∈ P
such that PrQbP [qi ∈ r] ≥ τ . Note that the fate of
each pi ∈ P depends on no other pj ∈ P where i 6= j,
so they can be considered independently.

• Range Expectation (RE) Queries consider a range r ∈
A and report the expected number of uncertain points
in r, EQbP [|r∩Q|]. The linearity of expectation allows
summing the individual expectations each point p ∈ P
is in r.

• Range Counting (RC) Queries support queries of a
range r ∈ A and a threshold τ , but only return the
number of pi ∈ P which satisfy PrQbP [qi ∈ r] ≥ τ .



The effect of each pi ∈ P on the query is separate
from that of any other pj ∈ P where i 6= j.

• Range Quantile (RQ) Queries take a query range r ∈
A, and report the full cumulative density function on
the number of points in the range PrQbP [|r∩Q|]. Thus
for a query range r, this returned structure can pro-
duce for any value τ ∈ [0, 1] the probability that τn or
fewer points are in r. Since this is no longer an expecta-
tion, the linearity of expectation cannot be used to de-
compose this query along individual uncertain points.

Across all queries we consider, there are two main ways we
can approximate the answers. The first and most standard
way is to allow an ε-error (for 0 ≤ ε ≤ 1) in the returned
answer for RQ, RE, and RC. The second way is to allow
an α-error in the threshold associated with the query itself.
As will be shown, this is not necessary for RR, RE, or RC,
but is required to get useful bounds for RQ. Finally, we will
also consider probabilistic error δ, demarcating the proba-
bility of failure in a randomized algorithm (such as random
sampling). We strive to achieve these approximation factors
with a small size coreset T ⊂ P as follows:
RE: For a given range r, let r(Q) = |Q ∩ r|/|Q|, and let

Er(P ) = EQbP [r(Q)]. T ⊂ P is an ε-RE coreset of

(P,A) if for all queries r ∈ A we have
∣∣Er(P ) − Er(T )

∣∣ ≤
ε.

RC: For a range r ∈ A, let GP,r(τ) = 1
|P |

∣∣{pi ∈ P |
PrQbP [qi ∈ r] ≥ τ

}∣∣ be the fraction of points in P
that are in r with probability at least some thresh-
old τ . Then T ⊂ P is an ε-RC coreset of (P,A)
if for all queries r ∈ A and all τ ∈ [0, 1] we have
|GP,r(τ)−GT,r(τ)| ≤ ε.

RQ: For a range r ∈ A, let FP,r(τ) = PrQbP [r(Q) ≤ τ ] =

PrQbP

[
|Q∩r|
|Q| ≤ τ

]
be the probability that at most a τ

fraction of P is in r. Now T ⊂ P is an (ε, α)-RQ coreset
of (P,A) if for all r ∈ A and τ ∈ [0, 1] there exists a
γ ∈ [τ − α, τ + α] such that |FP,r(τ)− FT,r(γ)| ≤ ε.
In such a situation, we also say that FT,r is an (ε, α)-
quantization of FP,r.

A natural question is whether we can construct a (ε, 0)-
RQ coreset where there is not a secondary α-error term on τ .
We demonstrate that there are no useful non-trivial bounds
on the size of such a coreset.

When the (ε, α)-quantization FT,r need not be explicitly
represented by a coreset T , then Löffler and Phillips [10, 9]
show a different small space representation that can replace
it in the above definition of an (ε, α)-RQ coreset with proba-
bility at least 1−δ. First randomly createm = O((1/ε2) log(1/δ))
transversalsQ1, Q2, . . . , Qm, and for each transversalQi cre-
ate an α-sample Si of (Qi,A). Then to satisfy the require-
ments of FT,r(τ), there exists some γ ∈ [τ − α, τ + α] such
that we can return (1/m)|{Si | r(Si) ≤ γ}|, and it will be
within ε of FP,r(τ). However, this is subverting the attempt
to construct and understand a coreset to answer these ques-
tions. A coreset T (our goal) can be used as proxy for P as
opposed to querying m distinct point sets. This alternate
approach also does not shed light into how much information
can be captured by a small size point set, which is provided
by bounds on the size of a coreset.

3. OUR RESULTS

We provide the first results for RE-, RC-, and RQ-coresets
with guarantees. In particular we show that a random sam-
ple T of size O((1/ε2)(ν+ log(1/δ)) with probability 1− δ is
an ε-RC coreset for any family of ranges A whose associated
range space has VC-dimension ν. Otherwise we enforce that
each uncertain point has k possible locations, then a sample
T of size O((1/ε2)(ν+ log(k/δ)) suffices for an ε-RE coreset.

Then we leverage discrepancy-based techniques [11, 6] to
improve these bounds to O((1/ε)poly(k, log(1/ε))), for some
specific families of ranges A. This is an important improve-
ment since 1/ε can be quite large (say 100 or more), while
k, interpreted as the number of readings of a data point,
is small for many applications (say 5). In R1, for one-
sided ranges we construct ε-RE and ε-RC coresets of size
O((
√
k/ε) log(k/ε)). For axis-aligned rectangles in Rd we

construct ε-RE coresets of size O((
√
k/ε) log

3d−1
2 (k/ε)) and

ε-RC coresets of size O((k3d+
1
2 /ε) log6d− 1

2 (k/ε))). Finally,
we show that any ε-RE coreset of size t is also an (ε, αε,t)-RQ

coreset with value αε,t = ε+
√

(1/2t) ln(2/ε).
These results leverage new connections between uncertain

points and both discrepancy of permutations and colored
range searching that may be of independent interest.
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