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Abstract

We determine the number of perfect matchings and
cycle-free subgraphs in a family Tr,s of triangu-
lated prism graphs. Using these results, we show
that the number of perfect matchings in a pla-
nar graph with n vertices is bounded below by

Ω(
6
√

7 +
√

37
n
) = Ω(1.535n) and the number of

cycle-free subgraphs contained in a planar graph is
bounded below by Ω( 3

√
138.74876

n
) = Ω(5.177n).

The current best known upper bounds for these prob-
lems are O(1.565n) and O(6.4948n), respectively.

1 Introduction

In recent years, numerous papers [1, 2, 3, 4, 5, 6, 7, 8]
have investigated the number of special subgraphs
that can be found in an arbitrary plane point set or
planar graph. Specifically of interest have been tri-
angulations, spanning cycles, spanning trees, forests
and perfect matchings.

In this paper we construct a family of plane graphs
with many perfect matchings and cycle-free sub-
graphs. The family consists of modified prism graphs.
Let Ps denote the s-vertex path graph, and Cr de-
note the r-vertex cycle graph. Then we define Pr,s =
Cr ×Ps to be the r by s prism graph, where × is the
Cartesian graph product. Pr,s can be viewed as regu-
lar grid on a cylinder, and we create the triangulated
prism graph Tr,s by systematically adding diagonals
to each square of the grid. Additionally, if rs is odd,
in order to enable the graphs to admit perfect match-
ings we add an additional ‘center’ vertex, connected
to one of the boundary copies of Cr.
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Figure 1: The T3,3 Triangulated Prism Graph

2 Perfect Matchings

In this section, we analyze the number of perfect
matchings admitted by triangulated prism graphs
Tr,s (see Figure 1). Define pm(r, s) to be the number
of perfect matchings in the Tr,s graph.

Theorem 1. The number of perfect matchings in

Tr,3 is pm(r, 3) = Ω(
√

8 +
√

37
r
). Therefore we have

that pm(r, 3) = Ω(
6
√

8 +
√

37
n
) = Ω(1.535n).

Proof. We define a recursion for pm(r, 3) based on
how many of the outer edges are in the matching.
If no outer edges are used, then there are two ways
to match the outer vertices to the next inner ring,
each of which reduces the graph to a Tr−2,3 prism
graph. In the case where one outer edge is used,
another analysis of Tr−1,3 with one outer vertex re-
moved yields a second, more involved recursion.

These two recursive formulas together simplify
to pm(r, 3) = 14pm(r − 2, 3) − 12pm(r − 4, 3).
This simple recursion has asymptotic growth rate
on the order of the largest root of r4 = 14r2 −
12, which is

√
7 +
√

37. Therefore pm(r, 3) =

1



Ω(
√

7 +
√

37
r
), and since r ≈ n

3 , we have that

pm(r, 3) = Ω(
6
√

7 +
√

37
n
) = Ω(1.535n).

Note that the best known upper bound for pm(G)
for any planar graph G is derived from Kaste-
leyn’s determinant approach and yields O( 4

√
6
n
) =

O(1.565n) [4], which is extremely close to our bound
of Ω(1.535n). Computational evidence for the num-
ber of perfect matchings in Tr,s graphs for s 6= 3 indi-
cates that this is the highest asymptotic growth rate
of the number of perfect matchings in triangulated
prism graphs, although no proof has been found.

3 Forests

In this section, we analyze the number of cycle-free
subgraphs admitted by triangulated prism graphs
Tr,s. Define cf(r, s) to be the number of cycle-free
subgraphs in the Tr,s graph.

Theorem 2. The number of cycle-free subgraphs of
Tr,3 is cf(r, 3) = Ω(138.749r). Since r ≈ n

3 , we have

that cf(r, s) = Ω( 3
√

138.749
n
) = Ω(5.17698n).

Proof. A careful case analysis was used to determine
the following recursive matrix equations, based on
which of the outer vertices were in the same con-
nected component of the cycle-free graph.

cf(r, 3) = f1(r) + f2(r) + f3(r) + f4(r) + f5(r)
f1(r)
f2(r)
f3(r)
f4(r)
f5(r)

 =


27 15 15 15 7
36 23 21 21 11
36 21 23 21 11
36 21 21 23 11
144 95 95 95 53



f1(r − 1)
f2(r − 1)
f3(r − 1)
f4(r − 1)
f5(r − 1)


This simplifies to the recursion cf(r, 3) = 145cf(r −
1, 3)−868cf(r−2, 3)+90cf(r−3, 3). The asymptotic
growth rate of cf(r, 3) was then determined by the
largest eigenvalue of the above matrix, or the largest
root of r3 = 145r2− 868r + 90, yielding Ω(138.759r).

Since r ≈ n
3 , this yields cf(r, 3) = Ω( 3

√
138.749

n
) =

Ω(5.17698n).

The current upper bound for the number of cycle-
free subgraphs of a planar graph is O(6.4948n) [5].

4 Other Subgraph Classes

In addition to the reported results, the number of
spanning cycles and spanning trees in Tr,s were com-
puted, but these results were lower than the best
known lower bounds [4, 2]. However, computational
evidence suggests that for large enough r and s, the
number of spanning trees in Tr,s may be greater than
Ω(5.024928n), the lower bound in [2] (incorrectly
computed as Ω(5.029545n)).
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