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Abstract—We consider the problem of allocating mobile users
to a given set of wireless base stations with maximum capacity.
The objective is to minimize the total energy consumption,
modeled by the sum of squared distances between users and
their assigned base stations. We show that this problem can be
modeled by the optimal transportation theory and develop an
efficient algorithm for solving the optimal assignment. The key
insight is that the optimal solution can be represented by a power
diagram on the base stations such that the total usage of nodes
within each power cell equals the capacity of the corresponding
base station. Therefore the solution can be represented by size
proportional to the number of base stations and can be found
by the variational principle. We show that our solution is much
faster than existing solutions using min-cost matching and linear
programming. In particular, when users move around, the update
time of our algorithm is orders of magnitude faster.

I. INTRODUCTION

We studied the capacitated min-cost base station allocation

problem as the following model: given a set of static base

stations with maximal capacity limit (that may be different),

and mobile users with potentially different data usages, can

we find an allocation scheme that assigns each user to a

corresponding base station such that no base station operates

beyond its capacity limit, and that the sum of squared distances

between users and base stations is minimized.

In this paper we focus on the three prominent constraints

that appear in many of such applications and our goal is to

provide an efficient algorithm for solving this optimization

problem in large scale cases.

Capacity constraints. Wireless base stations often have a

fixed capacity constraints which limit the number of users that

could be simultaneously served. The limitation may be due

to wireless communication, such as bandwidth and data rate

constraints. Sometimes there may also be constraints imposed

by memory limits (bounds on queues) or power conservation.

Energy efficiency. Our objective for allocation is to minimize

the energy consumption by the wireless nodes for wireless

communication to the base stations. We follow the free space

path loss model in which the signal strength drops in propor-

tion to the distance between the transmitter and the receiver.

Using this model our objective is to minimize the sum of

squared distances between the wireless nodes and the base

stations they connect to.

Mobility. We are particularly interested in the case of mobile

nodes and highly dynamic traffic usage patterns. In this case

we would need an extremely efficient allocation algorithm that

can keep up with the fast update speed, especially when there

is a large population of mobile nodes.

The allocation problem coincides with a classical problem

studied in the literature, termed the optimal transportation

problem. In the original problem, one asks for a way of moving

a pile of dirt to fill up the holes with the same total volume

such that the total cost of transporting this pile of dirt is

minimized. During transportation the total volume of dirt does

not change. The optimal solution for this problem defines a

mapping from an input domain (i.e., the distribution of dirt

or generally a probability measure) to an output domain (i.e.,

the distribution of holes). The transportation cost, in Brenier’s

formulation, is also the quadratic Euclidean distance between

a point of the input domain to its mapped position. Therefore

we can solve our allocation problem by using algorithms for

solving the optimal transportation problem.

Our algorithm exploits the power diagram representation of

the optimal solution and uses variational principle to look for

the proper weights assigned to the base stations such that the

total data usage from the nodes within each power cell equals

(or is less than) the capacity of the corresponding base station.

In our algorithm we also formulate an energy function, min-

imizing which gives the optimal solution and the gradient at

the optimal solution produces the optimal transport map. This

solution uses O(k) variables – one per each base station. In

contrast, the classical algorithm for optimal transport problem

using linear programming uses O(nk) variables, and is much

slower when n≫ k.

Our algorithm has another benefit over classical solutions

using LP or matching. Our algorithm is perfect for the mobile

and dynamic case. We can exploit the continuity of motion

in the sense that the allocation solution for the ith snapshot

can use the optimal solution at the i − 1th snapshot as the

initial value used in the optimization procedure. This will

substantially reduce the number of iterations in finding the

optimal solution. In contrast, both LP and min cost matching

have no easy way of making use of previous solutions and

have to restart from scratch. The full version of this paper can

be found at [1].

II. PROBLEM FORMULATION

For a given arbitrary domain D in R
2, suppose there

are n terminal users and k base stations in D, say X =
{x1, x2, ..., xn} and Y = {y1, y2, ..., yk}, respectively. Typ-

ically, k ≪ n. For each terminal user, we denote its usage



(e.g., data rate) as c(xi); for each base station, we denote

its capacity limit (i.e. upper bound of total usage amount for

covered users) as c(yi).
An allocation scheme T : X → Y satisfies the following

characteristics:

1) |T (xi)| = 1, one user can only be allocated to one base

station.

2) |u(yj) −
∑

u(T−1(yj))| < ε, the covered data usages

by users must not exceed the capacity limit.

3) min distSum(T ) =
∑

i d(xi, T (xi))
2, T minimize

distSum, the distant squared sum of T ’s all chosen

edges.

III. ALGORITHM

We follow Bernier’s approach of discrete optimal transporta-

tion problem mentioned in [2]. Given two spaces X and Y of

the same area on D, the two measures are µ and ν. Suppose

the moving cost from sub area x ∈ X to y ∈ Y is d(x, y), find

an optimal transportation map T : X → Y such that minimize
∫

X
d(x, T (x))µ(x)dx.

To find the allocation scheme for base stations Y with users

X on domain D, by Monge-Briener theory, we target on yj ,

and find the height vector h = (h1, h2, ..., hk) where the

supporting planes for each yj are πj(h) :< x, yj > +hj .

Let the corresponding convex function of h to be uh(x) =
maxi < x, yj > +hj and G(h) to be the supporting plane

combination of upper envelope graph of πj(h), then when

we project G(h) onto D, it forms a polygonal partition

D = ∪jWj(h).
The polygonal partition Wj(h) is equivalent to the power

diagram, which is a generalized Voronoi diagram with weight.

Take the base station point set Y = {y1, y2, ..., yk} and

assign the associated weight w1, w2, ..., wk as its power,

the power distance for a given point x to yj is define as

pow(x, yj) = 1

2
||x − yj||2 −

1

2
wj . A power diagram is then

defined as a voronoi diagram that uses power distance rather

than the original Euclidean distance.

After acquired the polygonal partitions Wj(h), we compute

the the cell area of Wj(h). Its dual triangulation form the

gradient, ∇E(h) = (Area(Wj(h) ∩ D)). Then to form

the Hessian matrix H(h) = hij(h), we compute the cell

neighboring edge length eij = Wi ∩Wj ∩ D 6= ∅, and the

corresponding dual triangulation vertices distance eij , where

hij(h) =











−|eij|/|eij | i 6= j, Wi ∩Wj ∩D 6= ∅

−
∑

k hik i = j

0 otherwise

Last, we iteratively apply Newton’s method to update the

height vector, h← h+ εH(h)−1∇E(h), where ǫ is the step

length of Newton’s method. The update process stops and

outputs the final result until the mean square error of (w,w)
converges to δw.

IV. EVALUATION

we evaluate our optimal transport allocation scheme (Op-

tran) result along with the LP and the perfect matching solu-

tion. Our allocation scheme is performed on C++, supported

Fig. 1. A standard disk domain, each base station can be assigned

with different capacity. Our allocation result is labeled with green line, the
allocation result of LP is displayed by the difference of node colors.

0
.0

6
0
6
3
9

0
.0

1
6
1
3
7

0
.0

1
0
2
3
7

0
.0

1
7
5
0
2

0
.0

1
4
8
7
5

0
.0

2
6
6
8
3

0
.0

7
5
7
5
9

0
.0

8
8
3

0
.5

2
7
8

0
.8

2
2
8

1
.2

1
9
2 3
.2

1
8

1
0
.2

2
8
7

1
1
6
.1

1
2
5

0
.5

7
8
8

6
5
.8

3
6
5

2
5
4
.6

2
7
8

Optran time

LP time

Perfect Matching time

C
o
m

p
u
ta

ti
o
n
 T

im
e
 (

s
e
c
, 
in

 l
o
g
)

0.01

0.1

1

10

100

1000

Users

100 500 750 1000 2000 4000 8000

Fig. 2. A comparison of computation time between Optran, LP, and perfect

matching on different size of users.

by the CGAL library. The result of LP and perfect matching

solutions are acquired by the industry standard LP solver

CPLEX, operating in MATLAB. The users in the domain are

spread in two ways, randomly or perturb grid based. The

base stations with different capacity requirement can also be

arbitrarily distributed in given domain. See fig. 1 for example.

We compare all solutions for users with different sizes

varied from 100 to 8000 in disk domain with equal base station

capacity requirement, and the δw is set to be 1 × 10−4. In

distance squared sum perspective, all of the solutions performs

well. In time perspective in fig. 2, Optran outperforms LP with

all user sizes in magnitude order; in the case of 8000 users,

the performance of Optran are up to 10000 times better than

LP. This is mainly because our method only requires O(k)
variables compare with O(nk) variables in LP to represent

the final allocation scheme result. The perfect matching yields

the worst solution, and because of its cumbersome computer

complexity, it only works on the cases that user sizes are

smaller than 1000.
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