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Abstract

We study geometric properties and computational
cost of the Lepp-Delaunay algorithm for the qual-
ity triangulation of PSLG geometries. Our goal
is to demonstrate that this is a provably good al-
gorithm, proving that it produces satisfying size-
optimal meshes.

1 Introduction

Chew [2] and Ruppert [4] developed Delaunay-
based refinement algorithms for constrained and
un-constrained Delaunay triangulations, offering
theoretical guarantees on both the shape and size
of the mesh produced for the quality triangulation
problem of PSLG geometries.

The Lepp-bisection algorithm [3] was designed
to deal with the iterative refinement of triangula-
tions for adaptive finite element applications, en-
suring the construction of good-quality irregular
and nested triangulations. It produces size-optimal
refined triangulations [1], also offering bounds on
the minimum angle and on the number of non-
similar triangles generated.

The Lepp-Delaunay algorithm [3] extended the
ideas of the Lepp-bisection algorithm by maintain-
ing a Delaunay triangulation of the input. The
Lepp-Delaunay algorithm deals with the quality
triangulation of planar straight-line graph (PSLG)
geometries, supported by the mathematical prop-
erties of both the longest-edge bisection of triangles
and the Delaunay triangulation. From a practical
point of view, the processing order of the triangles
is irrelevant, making the algorithm suitable for par-
allel environments.

Our study focuses on the Lepp-Delaunay algo-
rithm for the quality triangulation of PSLG geome-
tries (also known as the Delaunay refinement prob-
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Figure 1: (a) AB is an interior terminal edge
shared by terminal triangles {t2, t3} of Lepp(t0) =
{t0, t1, t2, t3}. (b) CD is a boundary terminal
edge with terminal triangle {t7} of Lepp(t4) =
{t4, t5, t6, t7}.

lem). The study contributes with proofs that the
algorithm produces asymptotical optimal triangu-
lations, focusing on the mathematical and geomet-
ric properties of the point insertion criteria.

2 Lepp-Delaunay Algorithm

When refining a non-quality triangle, the Lepp-
Delaunay algorithm propagates the refinement to a
sequence of neighbor triangles in order to maintain
a good graded, conforming triangulation (where
the intersection of neighbor triangles is either a
common vertex or a common edge). Given a tri-
angle t, a longest edge propagating path, Lepp(t), is
defined as the sequence of increasing neighbor tri-
angles by the longest edge that starts with t and
finishes either with two terminal triangles sharing
a common longest edge (terminal edge), or with a
boundary terminal triangle. (See Fig. 1)

Given a PSLG-polygon P (a non-convex polygon
including interior points and/or interior edges), the
Lepp-Delaunay algorithm constructs a quality tri-
angulation of P considering both the interior of P
and its boundary.

Starting with a Constrained Delaunay Triangu-
lation (CDT) of P and a quality parameter, a bad
quality triangle t is improved by finding the ter-



Figure 2: (left) Region R defines the area for point
E of neighbor triangle ABE. (right) Region R be-
comes a point when γ = 120◦, triangle ABE is
equilateral.

minal edge E associated to Lepp(t), and then per-
forming a Delaunay insertion of its midpoint, re-
peating the process until t is removed.

3 Characterization of the Point Inser-
tion

Our analysis is based on the facts that (a) Lepp-
Delaunay algorithm inserts new points after finding
a terminal edge and a pair of terminal triangles; (b)
the new point inserted corresponds to the midpoint
of the terminal edge. Since the terminal triangles
already satisfy the Delaunay property, the follow-
ing result holds.

Proposition 1: For any pair of non-boundary
Delaunay terminal triangles, their biggest angle
γ ≤ 120◦ [3]. (See Fig. 2)

The bound on the angles of the terminal trian-
gles translates into a bound on the position where
new points are inserted, and thus a bound on the
distance to existing points. Based on this property
points cannot be inserted arbitrarily close to ex-
isting points nor the creation of edges arbitrarily
small. The following two propositions summarize
our geometric results.

Proposition 2: The geometric distance from
the midpoint of a non-boundary terminal edge E
to any existing point in the triangulation is lower-
bounded by r/2, where r is the circumradius of
the terminal triangle sharing E. (For Ruppert’s
algorithm the distance is equal to r.)

Proposition 3: It holds that the length of any
edge joining the midpoint of E to any existing ver-
tex is never shorter than e/2, where e the shortest
edge of the terminal triangles. (For Ruppert’s al-
gorithm new edges are not shorter than e.)

Propositions 2 and 3 can be translated into a
bound on the local feature size, as introduced by
Ruppert [4] to prove the size optimality of the al-
gorithm.

4 Discussion on Constrained Boundary
Edges

During Lepp-Delaunay’s refinement process,
boundary triangles having either medium-size or
longest-edge over the boundary of the geometry
are bisected by the midpoint of the boundary
edge. This is done to locally improve the point
distribution over the boundary. Our study found
that improving the point distribution over the
boundary before the refinement process reduces
the overall number of points inserted by the algo-
rithm. This also eliminates the special treatment
of boundary triangles as previously described, but
mainly facilitates the analysis on the number of
points inserted on constrained edges.

Given any two adjoining boundary edges el and
es (length(el) > length(es)), we split el by its

midpoint whenever length(el)
length(es)

> δ, with δ = 2. This
approach leads to an input triangulation where
small-angled triangles with constrained boundary
edges are removed, improving the performance of
the algorithm. We are currently developing a
benchmark to perform an empirical evaluation of
this approach, measuring the generation of new tri-
angles during the refinement process and compar-
ing these results with other techniques.
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