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Abstract

Given S = {v1, . . . , vn} ⊂ Rm, p ∈ Rm and ε ∈ (0, 1),
the triangle algorithm either computes p′ ∈ conv(S)
such that ‖p′ − p‖ ≤ εR, R = max{‖p − vi‖, i =
1, . . . , n}, or proves p 6∈ conv(S). Each iteration takes
O(mn) operations. Several bounds on the number of
iterations are derived in [5], including O(1/ε2). Ad-
ditionally, if the relative interior of conv(S) contains
a ball of radius ρ centered p, the number of iterations
is O((R/ρ)2 log(1/ε)). Here we show two new results.
Firstly, we reduce the complexity of each iteration to
O(m + n) operations at the cost of O(mn2) prepro-
cessing. In particular, the irredundancy problem, the
problem of computing all vertices of conv(S), is ap-
proximately solvable in O(n2(m + 1/ε2)) arithmetic
operations. Secondly, given any t ∈ (0, 1/

√
n], we

give a perturbation of p where ρ = O(σt/(n + 1/t)),
σt > 0 independent of ε. Applying the triangle algo-
rithm then results in p′, approximately in conv(S),
such that ‖p′ − p‖ ≤ εR. These complexities offer
trade-offs between n and 1/ε in approximation.

1 Introduction

Given a set of point S = {v1, . . . , vn} ⊂ Rm and a
distinguished point p ∈ Rm, the convex hull decision
(membership) problem is to test if p ∈ conv(S). This
is a fundamental problem in computational geometry
which is equivalent to linear programming, and finds
applications in statistics, approximation theory, and
machine learning. As is commonly done, we consider
a relaxed variant of problem where the input includes
an error parameter ε > 0, and we allow the algorithm
to accept p if it is within (Euclidean) distance εR of
conv(S), where R = max{d(p, vi), i = 1, . . . , n}.

Essentially all known algorithms for solving this
problem (or the relaxed version) involve an iterative
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approach, with the time complexity bounded by the
cost per iteration times the number of iterations. The
interior point methods (e.g. Karmarkar and its rel-
atives) have number of iterations that is polynomial
in n, m and log(1/ε) (e.g. O(

√
m+ n log(1/ε)) and

cost per iteration of O((m+ n)3)).

The logarithmic dependence on the error param-
eter means that the running time is polynomial in
the input size. When the tolerable error is rela-
tively large, one may be willing to have worse de-
pendence on ε if the cost per iteration can be signifi-
cantly reduced. Other algorithms have been proposed
whose number of iterations is linear or quadratic in
1/ε, but where the cost of each iteration is only
O(mn). For example, by formulating the problem
as the minimization of a convex quadratic function
over a simplex one can apply sparse greedy approxi-
mation, see Clarkson [1], the Frank-Wolfe algorithm
[2] and Gilbert’s algorithm [4]. For the equivalence
of these algorithms see Gärtner and Jaggi [3]. The
so-called first-order methods of convex programming
also apply as does fast gradient scheme of Nesterov
[8]. Each iteration of these algorithms take O(mn)
operations, where here and elsewhere in this abstract,
the O(·) notation suppresses factors of log(1/ε) that
reflect the cost of numerical computation. The num-
ber of iterations for the last algorithm is O(1/ε) and
for the others is O(1/ε2).

The focus of the present work is the triangle algo-
rithm for the approximate convex decision problem
which was introduced in [5] where it was shown that
(similar to some of the algorithms mentioned above)
the number of iterations is O(1/ε2) and the cost per
iteration is O(mn), and also that under some suitable
“well-conditioning” assumptions the convergence of
the algorithm may be much faster. For instance, if
the relative interior of conv(S) contains a ball of ra-
dius ρ centered p, the number of iterations of triangle
algorithm is O((R/ρ)2 log(1/ε)). For these and appli-
cation of the triangle algorithm see [5]-[7].

In this abstract we describe two further results
about this algorithm. The first result (Theorem 2)
shows that by doing O(n2m) preprocessing of the set



S of points, we can reduce the cost per iteration from
O(mn) to O(m+n). The second result applies a per-
turbation to give an alternative bound as a function
log(1/ε) and parameters that depend on the geome-
try of the input data, S and p (Theorem 3).

2 The triangle algorithm

The triangle algorithm generates a sequence
p0, p1, p2, . . . of points inside of conv(S), with the
goal being to reach (or get sufficiently close to) the
target point p. Set p0 to be any point of S. At
iteration i, having chosen pi−1 we search for a point
vi ∈ S such that d(vi, pi−1) ≥ d(vi, p), where d(·, ·)
is the Euclidean distance. Such a point is called a
pivot relative to pi−1. If there is no such point, then
p 6∈ conv(S) (since the perpendicular bisector to the
segment pi−1p separates p from conv(S)). Otherwise
let pi be the point on the segment pi−1vi that is
closest to p and proceed. The following holds.

Theorem 1. (Distance duality [5]) p ∈ conv(S) if
and only if given p′ ∈ conv(S), there exists a pivot.

At iteration i, having chosen pi−1, search for a
pivot, i.e. v ∈ S satisfying d2(v, p) ≤ d2(v, pi−1).
It is not necessary to compute the actual distances.
Each distance comparison runs in time O(m), requir-
ing elementary operations, so the selection of vi takes
O(mn) time, and the computation of pi takes an ad-
ditional O(m) time, plus O(n) for computation of its
representation as a convex combination of vi’s.

3 Speeding up the algorithm

The cost of each iteration is dominated by comput-
ing a pivot v ∈ S. We now note that the time for
each such computation can be significantly reduced.
Specifically, pi−1 was selected to lie on the segment
between vi−1 and pi−2 and so we know λi−1 ∈ (0, 1)
such that pi−1 = λi−1pi−2 + (1 − λi−1)vi−1. Given
this it is a straightforward exercise in plane geom-
etry to express d(v, pi−1)2 in terms of d(v, pi−2)2

and d(v, vi−1)2. This allows for computation of
d(v, pi−1)2 in time log(1/ε)O(1) independent of m and
n, provided that we know d(v, pi−2)2 and d(v, vi−1)2.

We may assume that d(v, pi−2)2 is already known
from the previous iteration (by induction). By pre-
computing d(v, v′)2 for all v, v′ ∈ S, we will also have
that d(v, vi−1)2 is known. As a result we have:

Theorem 2. The triangle algorithm can be imple-
mented with O(mn2) preprocessing and cost per iter-
ation O(n + m) (where the O(·) includes factors of
log(1/ε)O(1).

Corollary 1. For δ > 0, call v ∈ S to be a δ-vertex
of S if d(v, conv(S \ {v}) ≥ δR∗, where R∗ is the di-
ameter of S. The set of all δ-vertices can be computed
in O(n2(m+ 1/δ2)) arithmetic operations.

4 A perturbation approach

We first formulate the convex hull problem as an
LP feasibility, test if Ω = {x : Ax = b, x ≥ 0}
is nonempty. Now Ω is bounded since one of the
constraints is eTx = 1, e the vector of ones. This
implies the problem is equivalent to testing if 0 ∈
conv({a1, . . . , an,−b}). From the sensitivity theorem
in [5], given ε0 ∈ (0, 1), the number of iterations
to compute x0 ≥ 0 such that d(Ax0, b) < ε0R∗,
R∗ = max{‖a1‖, . . . , ‖an‖, ‖b‖} is O((R∗/ε0)2). Sup-
pose instead we consider Ax = b+ tu, x ≥ 0, u = Ae,
e, t > 0. We then prove:

Theorem 3. Given t ≤ 1/
√
n, let σt be the small-

est positive singular value of A + (b + tAe)eT . Let
ρ∗t = tσt/(tn+ 2). Then the relative interior of
conv({a1, . . . , an,−(b + tu)}) contains the open ball
of radius ρ∗t at the origin.

This implies the number of iterations of the triangle
algorithm to compute d(Ax0, b) < R∗ε such that x0 ≥
−te is O((R∗/ρ∗t )2 log 1/ε). Also, setting x′0 = x0+te,
x′0 ≥ 0 and satisfies d(Ax′0, b) < εR∗ + t‖Ae‖.
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